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Abstract. We have performed a thermal analysis of the light scalar susceptibilities in the context of SU(3)-Chiral Perturbation
Theory to one loop taking into account the QCD source of isospin breaking (IB), i.e corrections coming from mu 6= md .
We find that the value of the connected scalar susceptibility in the infrared regime and below the critical temperature is
entirely dominated by the pi0−η mixing, which leads to model-independent O(ε0) corrections, where ε ∼ md −mu, in the
combination χuu−χud of flavour breaking susceptibilities.
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INTRODUCTION
The low-energy sector of QCD has been successfully de-
scribed within the chiral lagrangian framework. Chiral
Perturbation Theory (ChPT) is based on the spontaneous
breaking of chiral symmetry and provides a consistent,
systematic and model-independent scheme to calculate
low-energy observables [1, 2, 3]. This formalism has
been also extended to include finite temperature effects,
in order to describe meson gases and their evolution
towards chiral symmetry restoration [4, 5]. The effec-
tive ChPT lagrangian is constructed as an expansion of
the form L = Lp2 +Lp4 + . . . where p denotes a me-
son momentum or mass compared to the chiral scale
Λχ ∼ 4piF' 1 GeV where F is the pion decay constant
in the chiral limit. Each term of the expansion is accom-
panied by a low energy constant (LEC) which has to be
determined experimentally.
ChPT can take into account both QCD (due to the
light quark masses diference mu−md 6= 0) and electro-
magnetic IB by means of new terms that implement the
chiral symmetry breaking pattern. The former generates
a pi0 − η mixing in the SU(3) lagrangian which intro-
duces corrections of order (md −mu)/ms which will be
important when considering some combinations of the
light scalar susceptibilities at finite temperature. On the
other hand, the presence of electromagnetic interactions
induces mass differences for the light mesons through
the presence of virtual photons. These corrections have
been included in the ChPT effective lagrangian [6, 7] by
means of terms likeLe2 ,Le2p2 and so on, with e the elec-
tric charge. These terms are easily incorporated in the
ChPT power counting scheme by considering formally
e2 =O(p2/F2).
The aim of this work is to explore within the thermal
ChPT formalism the IB corrections to the next-to-leading
quark condensates and their corresponding light scalar
susceptibilities, both physical objects being directly re-
lated to chiral symmetry restoration. More details can be
found in [8].
LIGHT QUARK CONDENSATES TO
ONE LOOP
We have calculated to one loop the light quark con-
densates 〈u¯u〉 and 〈d¯d〉 in SU(3)-ChPT taking into ac-
count both sources of IB. The main distinctive feature
with respect to SU(2)-ChPT calculations is that, in this
case, as commented above, a pi0 − η mixing term ap-
pears through the tree-level mixing angle ε defined by
tan2ε =
√
3
2
md−mu
ms−mˆ . The sum and difference of quark con-
densates are
〈u¯u+ d¯d〉(3)T = 〈u¯u+ d¯d〉(3)0 +2F2B0
(
1
3
(
3− sin2 ε)gpi0(T )+2gpi±(T )+gK0(T )+gK±(T )+ 13 (1+ sin2 ε)gη(T )
)
(1)
〈u¯u− d¯d〉(3)T = 〈u¯u− d¯d〉(3)0 +2F2B0
(
sin2ε√
3
[gpi0(T )−gη(T )]+gK±(T )−gK0(T )
)
(2)
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where B0 =
M2pi
mu+md
+O(ε), and
gi(T )=
1
4pi2F2
∫ ∞
0
dp
p2
Ep
1
eβEp −1 ,
with E2p = p
2+M2i and β = T−1.
The subscript 0 refers to the zero temperature results,
which can be found in [9]. As a nontrivial check of our
calculation, one can see that the condensates (1)-(2) are
finite and µ-scale independent with the renormalization
of the LEC, including the EM ones, given in [3, 7].
LIGHT SCALAR SUSCEPTIBILITIES
AND THE ROLE OF THE pi0−η MIXING
Different light quark masses allow to consider three in-
dependent light scalar susceptibilities defined as
χi j =− ∂∂mi 〈q¯ jq j〉=
∂ 2
∂mi∂m j
logZ(mu 6= md). (3)
For the sake of simplicity we are setting e = 0 from
now on, since electromagnetic corrections are small and
they are not relevant for our present discussion. Then, to
leading order in the mixing angle, the contribution of the
pi0−η mixing in the quark condensate sum (1) is of order
ε2 whereas for (2) it goes like ε . The thermal functions
gi(T,Mi), i = pi0,η are suppressed by those coefficients
and the quark condensates do not receive important cor-
rections. The important point is that differentiating with
respect to a light quark mass is essentially the same as
differentiating with respect to ε ∼ md−mums , so the suppres-
sion of the thermal functions is smaller in the case of the
susceptibilities than in the quark condensate.
Because of the linearity in ε of (2) for a small mix-
ing angle, the combinations χuu− χud and χdd − χdu re-
ceive anO(1) IB correction due to pi0−η mixing, which
would not be found if mu = md is taken from the begin-
ning. The analysis of the ε-dependence of (2) shows that,
up to O(ε), χuu ' χdd , so combinations like χuu− χdd ,
which also vanish with mu =md , are less sensitive to IB.
One can also relate these flavour breaking suscepti-
bilities with the connected and disconnected ones [10],
often used in lattice analysis [11, 12]: χdis = χud , and
χcon = 12 (χuu+χdd−2χud). From the previous analysis,
we get χcon ' χuu−χud .
Therefore, our model-independent analysis including
IB effects provides the leading nonzero contribution for
the connected susceptibility which arises partially from
pi0 − η mixing. This is particularly interesting for the
lattice, where artifacts such as taste-breaking mask the
behaviour of χcon with the quark mass and T when ap-
proaching the continuum limit [12]. In fact, our ChPT
approach is useful to explore the chiral limit (mu,d → 0)
or infrared (IR) regime, which gives a qualitative picture
of the behaviour near chiral symmetry restoration. In this
regime Mpi  T  MK , and therefore we can neglect
thermal heavy particles, which are exponentially supp-
resed.
The leading order results for the connected and discon-
nected susceptibilities at zero temperature are the follow-
ing
χ IRcon(T = 0) = 8B
2
0 [2L
r
8(µ)+H
r
2(µ)]−
B20
16pi2
(
1+ log
M2K
µ2
)
− B
2
0
24pi2
log
M2η
µ2
+O(ε), (4)
χ IRdis(T = 0) = 32B
2
0L
r
6(µ)−
3B20
32pi2
(
1+ log
M2pi
µ2
)
+
B20
288pi2
(
5log
M2η
µ2
−1
)
+O(ε). (5)
The log term of equation (5) is the dominant at T = 0
and can be found in [10], but the connected IR suscepti-
bility (4) is not zero at T = 0, because it receives contri-
butions of order O(1) in the mixing angle.
If we consider the pion gas in a thermal bath, then
expressions (4)-(5) are modified according to
[χcon(T )−χcon(0)]IR = B
2
0
18
T 2
M2η
+O
(
ε B20
T 2
M2η
)
+O
(
exp
[
−Mη ,K
T
])
, (6)
[χdis(T )−χdis(0)]IR = 3B
2
0
16pi
T
Mpi
+O
(
ε B20
T 2
M2η
)
+O
(
exp
[
−Mη ,K
T
])
. (7)
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FIGURE 1. Connected IR susceptibility normalized to B20,
for fixed tree level eta mass.
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FIGURE 2. Disconnected IR susceptibility normalized to
B20, for several light quark mass ratios and fixed tree level eta
mass.
Note that, as we have already mentioned, the eta mass
term in equation (6) and in the subleading corrections in
the mixing angle comes from the ε-analysis and the IR
expansion of the g1(Mpi), and does not have anything to
do with thermal etas.
Figure (1) and (2) show, respectively, the connected
susceptibility (6) for fixed tree level eta mass (propor-
tional to
√
B0ms in the IR regime), and the disconnected
one (7) for several values of the light quark mass ratio
m/ms, and also with fixed tree level eta mass. The leading
scaling with T and the light quark mass in this regime for
the disconnected piece goes like T√m , i.e the same scaling
calculated in [10, 11]; whereas the connected susceptibil-
ity grows quadratic in T over a mass scale much greater
than the SU(2) Goldstone boson’s one. Therefore, in the
continuum limit, we only expect χdis to peak near the
transition.
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